We derive upper and lower bounds on the critical temperature T c and the energy gap Ξ (at zero temperature) for the BCS gap equation, describing spin 1/2 fermions interacting via a local twobody interaction potential λV (x). At weak coupling λ ≪ 1 and under appropriate assumptions on V (x), our bounds show that T c ∼ A exp(−B/λ) and Ξ ∼ C exp(−B/λ) for some explicit coefficients A, B and C depending on the interaction V (x) and the chemical potential µ. The ratio A/C turns out to be a universal constant, independent of both V (x) and µ. Our analysis is valid for any µ; for small µ, or low density, our formulas reduce to well-known expressions involving the scattering length of V (x).
I. INTRODUCTION
The recent advances in trapping and cooling of cold atoms have led to renewed interest in the behavior of ultra-cold fermionic gases. Under the assumption that the interactions among the individual fermions are weak, the system shows a superfluid behavior at low temperature that is well described [1, 2, 3, 4, 5, 6, 7, 8] by the Bardeen-Cooper-Schrieffer (BCS) model [9] . The BCS model was originally introduced as a model for electrons displaying superconductivity, and has played a prominent role in condensed matter physics in the fifty years since its introduction. We shall not be concerned here with a mathematical justification of the approximations leading to the BCS model, but rather with an investigation of its precise predictions.
In this paper, we study the BCS gap equation for fermionic systems with general local interaction potentials. We give a rigorous derivation of expressions for the critical temperature T c and the energy gap Ξ (at zero temperature) that are valid to second order Born approximation. More precisely, for all interaction potentials V (x) that create a negative energy bound state of the effective potential on the Fermi sphere (see Eq. (11) below; a sufficient condition for this property is that R 3 V (x)dx < 0), we show that 
where µ > 0 is the chemical potential, γ ≈ 0.577 denotes Euler's constant, and b µ < 0 is an effective scattering length. Units are chosen such that = k B = 2m = 1, where m is the mass of the fermions. To first order in the Born approximation, b µ is related to the scattering amplitude of particles with momenta on the Fermi sphere, but to second order the expression is more complicated. The precise formula is given in Eq. (16) below. For interaction potentials that decay fast enough at large distances, we shall show that b µ reduces to the scattering length a 0 of the interaction potential in the low density limit, i.e., for small µ.
We emphasize that not only are our results mathematically rigorous, but our analysis holds for arbitrary (positive) values of the chemical potential µ. In particular, the formula (1) generalizes previously known results valid only for small µ, i.e., low density. To the best of our knowledge, the correct expression for b µ does not seem to have appeared in the literature before. We use precise spectral analysis of the (linearized) BCS gap equation in order to derive our results.
For simplicity, we restrict our analysis to local interaction potentials, which is the case of interest when describing dilute Fermi gases. Our methods are applicable in a much more general setting, however, and generalizations to non-local potentials (as used in the theory of superconductivity) are straightforward.
For interaction potentials that have non-positive Fourier transform (ensuring, in particular, that the BCS pair wavefunction is unique and has zero angular momentum),
we shall prove similar results for the zero temperature energy gap, which we denote by Ξ = min p (p 2 − µ) 2 + |∆(p)| 2 . It turns out that, at least up to second order Born approximation,
in this case. This equality is valid for any density, i.e., for any value of the chemical potential µ. In particular, Ξ has exactly the same exponential dependence on the interaction potential, described by b µ , as the critical temperature T c .
Despite the huge physics literature concerning the BCS gap equation, rigorous results concerning its prediction are sparse. Our analysis here relies on the previous studies in [10] in this direction, and extends the results of [11] .
Before giving the mathematically precise statements in Section III, we shall give a nontechnical discussion of our main results in the next section. Sections IV-VI contain their proofs.
II. DISCUSSION OF MAIN RESULTS
We consider a gas of spin 1/2 fermions at temperature T ≥ 0 and chemical potential µ > 0, interacting via a local two-body interaction potential of the form 2λV (x). Here, λ > 0 is a coupling parameter, and the factor 2 is introduced for convenience. The superfluid phase of the system is described by the BCS gap equation
where
We are interested in the critical temperature T c which, in mathematical terms, is defined by the property that (3) has a non-trivial (that is, not identically vanishing) solution for T < T c , while there is no solution for T ≥ T c . In the limit λ → 0, we shall show in Theorem 1
Here, γ ≈ 0.577 denotes Euler's constant. For small λ, T c is thus given by (1). The quantity b µ (λ) plays the role of an effective scattering length. In fact, as µ → 0, it reduces exactly to the scattering length of 2λV (x). For general µ, the expression is slightly more complicated,
however. The precise formula is given in the next section, see Eq. (16) . In certain special cases, including all potentials with non-positive Fourier transform, b µ (λ) is given by
where ϕ(x) = (2π
For ∆ the solution of the gap equation (3) at zero temperature T = 0, the energy gap of the system is given by Ξ = min
For small λ, it shows the same behavior as the critical temperature. More precisely, we shall show in Theorem 2 that
Together with (4) this shows the validity of (2) for small λ.
We emphasize that our results hold for a large class of interaction potentials V (x) and are hence suitable to describe a wide range of physical situations. It is not necessary to make the approximation of zero-range, for instance, as is often done in the physics literature. Our results can therefore be interpreted as an a posteriori justification of such an approximation. Note that V (x) does not necessarily have to be interpreted as the exact interaction potential among the particles but can include effective interactions arising from higher order contributions not taken into account in the BCS approximation.
Formulas (1) and (2) are well-known for small µ, with b µ (λ) replaced by the scattering length of 2λV (x), which we shall denote by a 0 (λ). Our analysis shows that they are valid for all µ > 0. For given potential V (x), the effect of non-zero µ on b µ (λ) can easily be calculated. For instance, for a Gaussian potential V (x) = −κ exp(−κ|x| 2 ), the difference between b µ (λ) and the scattering length a 0 (λ) of 2λV is given by
Higher order corrections can be calculated from (5) as well.
III. PRECISE STATEMENT OF RESULTS
In the following, we shall assume that V is a real-valued potential that has some mild
In the BCS approximation, the system under consideration is described by the BCS functional F , which was introduced by Leggett in [1] . If γ denotes the momentum distribution of the fermions, and α is the pair wavefunction, F is given by [10] 
Here, S denotes the entropy functional
Here and in the following, we use a caret to denote Fourier transform; i.e.,f (p) = (2π)
naturally defined for pairs of functions (γ, α) with γ ∈ L 1 (R 3 , (1 + p 2 )dp), 0 ≤ γ(p) ≤ 1, and
The existence of a minimizer of F was shown in [10] . The corresponding variational equation satisfied by a minimizer can be formulated as follows. Given a minimizing pair (γ, α), one defines ∆ as
It satisfies the BCS gap equation
with E(p) = (p 2 − µ) 2 + |∆(p)| 2 . If ∆ does not vanish identically (or, equivalently, the minimizing α does not vanish identically), the system is said to be in a superfluid phase.
A. Critical Temperature
It was shown in [10] that there exists a critical temperature T c below which the gap equation (9) has a non-trivial solution (i.e., ∆ does not vanish identically), and above which it does not. Equivalently, the α minimizing the BCS functional F is identically zero for T ≥ T c , while it is non-zero for T < T c . This critical temperature is characterized by [10, Thms. 1 and 2]
Here, K T,µ is the multiplication operator in momentum space We assume that µ > 0 henceforth. For small coupling λ, the critical temperature is determined by the behavior of the potential V (x) on the Fermi sphere Ω µ , the sphere in momentum space with radius √ µ. We denote the uniform (Lebesgue) measure on Ω µ by dω.
Since V ∈ L 1 (R 3 ) by assumption,V (p) is a bounded continuous function, and hence V µ is a Hilbert-Schmidt operator. It is, in fact, trace class, and its trace equals
denote the infimum of the spectrum of V µ . Since V µ is compact, we have e µ ≤ 0. We note that operators of the form (11) have appeared in related works on bound states and scattering properties of pseudo-differential operators, see [12, 13] .
In [11] , it was shown that when e µ < 0 the asymptotic behavior of T c as λ tends to zero is, to leading order, given by
That is, T c ∼ exp(−1/λ|e µ |) for small λ. In the following, we shall derive the second order correction, i.e., we will compute the constant in front of the exponentially small term in T c .
For this purpose, we define an operator W µ on L 2 (Ω µ ) via its quadratic form
Here,φ(p) = (2π) (34) below.) Hence the radial integral in (13) is well-defined, even in the vicinity of |p| ∼ √ µ. For large |p|, the integral converges because V ∈ L 3/2 (R 3 ).
We shall, in fact, see that the operator W µ is of Hilbert-Schmidt class (see the proof of Theorem 1 in Section IV).
For λ > 0, let
and let b µ (λ) denote its ground state energy,
We note that if e µ < 0, then also b µ (λ) < 0 for small λ. In fact, if the eigenfunction corresponding to the lowest eigenvalue e µ of V µ is unique and given by u ∈ L 2 (Ω µ ), then
In the degenerate case, this formula holds if one chooses u to be the eigenfunction of V µ that yields the largest value u|W µ |u among all such (normalized) eigenfunctions.
With the aid of b µ (λ), we can now state our first main result concerning the asymptotic behavior of the critical temperature T c for small λ.
Assume that e µ = inf spec V µ < 0, and let b µ (λ) be defined in (15) . Then the critical temperature T c for the BCS equation, given in Eq. (10), is strictly positive and satisfies
Here, γ ≈ 0.577 denotes Euler's constant.
The Theorem says that, for small λ,
Eq. (16) can be reformulated as
as λ → 0, where u is an eigenfunction of V µ in (11) with eigenvalue e µ < 0. We note that for radial potentials V (x), the eigenfunction u corresponding to the lowest eigenvalue e µ of V µ will be an eigenfunction of the angular momentum. It need not have zero angular momentum, however, but can, in principle, have arbitrarily high angular momentum depending on the
Because of (19), Theorem 1 could alternatively be formulated as
It is natural, however, to absorb the last term into the definition of b µ (λ), as we do here, since b µ (λ) can be interpreted as a (renormalized) effective scattering length of 2λV (x) (in second order Born approximation) for particles with momenta on the Fermi sphere. In fact, if V is radial and R 3 V (x)dx < 0, it is not difficult to see that for small enough µ the (unique) eigenfunction corresponding to the lowest eigenvalue e µ of V µ is the constant
Here, a 0 (λ) equals the scattering length of 2λV in second order Born approximation. Assuming a certain decay rate of V at infinity we can, in fact, estimate the difference between u|B µ |u and a 0 (λ).
µ > 0, and let u(p) = (4πµ) −1/2 be the constant function on the sphere Ω µ . Let 0 ≤ β < 2, and assume that R 3 |V (x)||x| β dx < ∞. Then
In particular, if β ≥ 1, this implies that
As explained above, for radial potentials V with R 3 V (x)dx < 0 the eigenfunction corresponding to the lowest eigenvalue of V µ in (11) is the constant function u(p) = (4πµ)
for small µ, and thus b µ (λ) = u|B µ |u + O(λ 3 ) for small enough µ in this case. Hence (17) holds, with b µ (λ) replaced by u|B µ |u . If, in addition, R 3 |V (x)||x|dx < ∞, one can use (20) to replace u|B µ |u by a 0 (λ), and arrive at the approximation
for the critical temperature for small λ and small µ. This expression is well-known in the physics literature, see, e.g., [15] . It is valid beyond the small coupling approximation [16] .
We point out, however, that our formula (18) is much more general since it holds for any value of µ > 0.
B. Energy Gap at Zero Temperature
Consider now the zero temperature case T = 0. In this case, it is natural to formulate a functional depending only on α instead of γ and α. In fact, for T = 0 the optimal choice of
Subtracting an unimportant constant, this leads to the zero temperature BCS functional
Defining ∆ as in (8) and inserting (21), the relation between ∆ and α at T = 0 is
The variational equation satisfied by a minimizer of (22) is then
This is simply the BCS equation (9) at T = 0. For a solution ∆, the energy gap Ξ is defined
It has the interpretation of an energy gap in the corresponding second-quantized BCS Hamiltonian (see, e.g., [14] or the appendix in [10] .)
One of the difficulties involved in evaluating Ξ is the potential non-uniqueness of minimizers of (22), and hence non-uniqueness of solutions of the BCS gap equation (24). The gap Ξ may depend on the choice of ∆ in this case. For potentials V with non-positive Fourier transform, however, we can prove the uniqueness of ∆ and, in addition, we are able to derive its precise asymptotics as λ → 0. This is the content of Lemma 4 below. In particular, this allows us the derive an expression for Ξ in the limit λ → 0, which is stated in Theorem 2.
We will restrict our attention to radial potentials V with non-positive Fourier transform in the following. We also assume thatV (0) = (2π)
It is easy to see that e µ = inf spec V µ < 0 in this case, and that the (unique) eigenfunction corresponding to this lowest eigenvalue of V µ is the constant function. Under these assumptions on V , we have the following asymptotic behavior of the energy gap Ξ as λ → 0.
Then there is a unique minimizer (up to a constant phase) of the BCS functional (22) at T = 0. The corresponding energy gap,
is strictly positive, and satisfies
Here, b µ (λ) is defined in (15) .
In particular, in combination with Theorem 1, we obtain the following corollary of Theorem 2.
COROLLARY 1 (Universal Ratio). Under the same assumptions as in Theorem 2, the ratio of the energy gap Ξ and the critical temperature T c satisfies
That is, the ratio of the energy gap Ξ and the critical temperature T c tends to a universal constant as λ → 0, independently of V and µ. This property has been observed before for the original BCS model with rank one interaction [9, 14] , and in the low density limit for more general interactions [15] under additional assumptions. Our analysis shows that it is valid in full generality at small coupling λ ≪ 1.
We remark that although Theorem 2 can be expected to hold under weaker assumptions on the potential V than the ones considered here, stronger assumptions than merely e µ < 0 (as in Theorem 1) are needed for positivity of Ξ. In particular, if ∆ has non-zero angular momentum, Ξ will, in general, vanish.
IV. PROOF OF THEOREM 1
For a (not necessarily sign-definite) potential V (x) let us use the notation
The Birman-Schwinger principle (see Lemma 1 in [11] ) implies that the critical temperature T c in (10) is determined by the fact that for this value of T the smallest eigenvalue of
equals −1. Note that although B T is not self-adjoint, it has a real spectrum.
Fourier transform of ψ, restricted to the sphere Ω µ . Since V ∈ L 1 (R 3 ), multiplication by
and let
It was shown in [11, Lemma 2] 
and its Hilbert Schmidt norm is bounded uniformly in T . (In fact, in [11] a slightly different definition of m µ (T ) was used, but it differs from ours only by a term that is uniformly bounded in T .) In particular, the singular part of B T as T → 0 is determined entirely by
is uniformly bounded, we can choose λ small enough such that
is invertible for any T > 0, and we can thus write 1 + B T as
Then B T having an eigenvalue −1 is equivalent to
having an eigenvalue −1. The operator in (30) is isospectral to the selfadjoint operator
acting on L 2 (Ω µ ).
At T = T c , −1 is the smallest eigenvalue of B T , hence (30) and (31) have an eigenvalue −1 for this value of T . Moreover, we can conclude that −1 is actually the smallest eigenvalue of (30) and (31) in this case. For, if there were an eigenvalue less than −1, we could increase T and, by continuity (and the fact that m µ (T ) is monotone decreasing and goes to zero as T → ∞), find some T > T c for which there is an eigenvalue −1. Using (29), this would contradict the fact that B T has no eigenvalue −1 for T > T c .
Note that FV F * = √ µ V µ defined in (11) . By assumption, e µ = inf spec V µ is strictly negative. Since for T = T c the smallest eigenvalue of (31) equals −1, it follows immediately
Together with the asymptotic behavior m µ (T ) ∼ µ −1/2 ln(µ/T ) as T → 0, this implies that the leading order behavior of ln(µ/T c ) as λ → 0 is given by (12) , as was proved in [11] .
To obtain the next order, we employ first order perturbation theory. Since FV F * is compact and inf spec FV F * < 0 by assumption, first order perturbation theory implies that
where u is the (normalized) eigenfunction corresponding to the lowest eigenvalue of FV F * .
(In case of degeneracy, one has to the choose the u that minimizes the λ 2 term in the denominator of (32) among all such eigenfunctions.)
Eq. (32) is an implicit equation for T c . Since FV M T V F * is uniformly bounded and T c → 0 as λ → 0, we have to evaluate the limit of u|FV M T V F * |u as T → 0. For this purpose, let
We claim that the spherical average of |φ(p)| 2 is Lipschitz continuous. In fact,
and hence Lipschitz continuity in |p| follows from the fact that
Using Lipschitz continuity, it is then easy to see that one can interchange the limit and the radial integral over |p|, and hence obtain
with W µ defined in (13) . Moreover, this convergence is uniform in u ∈ L 2 (Ω µ ). Since 
It remains to calculate m µ (T ). Recall that K T,µ (p) = |p 2 − µ|/ tanh(|p 2 − µ|/2T ). We claim the following.
Here, γ ≈ 0.5772 is Euler's constant.
Proof. By splitting the integral into two parts according to p 2 ≤ µ and p 2 ≥ µ, and changing variables from p 2 − µ to −t and t, respectively, we see that
Using dominated convergence,
For the integrals for 0 ≤ t ≤ µ, we use
Moreover, using again dominated convergence, one sees that
In order to calculate the remaining integral µ 0 t −1 tanh(t/2T )dt, we split the hyperbolic tangent into two parts,
tanh(t/2T ) = (1 − exp(−t/T )) − exp(−t/T ) tanh(t/2T ) .
Using partial integration,
Since − ∞ 0 ln(t) exp(−t)dt equals Euler's constant γ ≈ 0.5772 [17, 4.331 .1], we get
Finally, we have to evaluate
In the limit T → 0, this becomes [17, 3.411 .28]
Collecting all the terms, we arrive at (37).
Theorem 1 follows immediately from (36) and (37), recalling the definition of b µ (λ) in (14) and (15).
Consider first the term linear in λ. It is given by
is a function that is bounded independently of µ, and goes to zero as µ → 0 for every x. Hence, if |V (x)||x| β dx < ∞, it follows from dominated convergence that
The second term in (40) can be rewritten as
√ µ|y| dp dx dy .
The last term in the integrand is bounded by 2, while the second term is bounded by
Since 0 ≤ β < 2, we can estimate min{|x|, 1/(p + √ µ)} ≤ |x| β/2 (p + √ µ) β/2−1 . Hence we conclude that (41) is bounded by
Since 1 + β/2 > β this yields a bound of the desired form.
Finally, the last term in (40) is given by
The Hardy-Littlewood-Sobolev inequality [18] and Hölder's inequality imply that
for some positive constant C. Moreover, since for 0 ≤ β < 2 the expression
is uniformly bounded and goes to zero pointwise as µ → 0, it follows again from dominated convergence that
This proves Proposition 1.
VI. PROOF OF THEOREM 2
We start by showing that the minimizer of the BCS functional (22) at T = 0 is unique under the assumption thatV is non-positive andV (0) < 0. Note that if, in addition, V is radial, this necessarily implies that also the minimizer has to be radial.
and assume thatV ≤ 0 andV (0) < 0. Then the BCS functional F 0 at T = 0, defined in (22), has a unique minimizer α (modulo a constant phase), whose Fourier transformα is strictly positive.
In particular, this implies that ∆ is strictly positive. From the gap equation (24) one easily concludes that ∆ is also continuous, and hence Ξ > 0.
Proof. The existence of a minimizer was shown in [10] . Moreover, since e µ = inf spec V µ < 0 under our assumptions on V , the critical temperature T c is strictly positive, and hence a minimizer of F 0 is necessarily not identically zero.
Note that sinceV ≤ 0,
Hence, ifα(p) is a minimizer of F 0 , so is |α(p)|.
Assume now that there are two different minimizers f = g, both with nonnegative Fourier transform. Since t → 1 − √ 1 − 4t is strictly convex for 0 ≤ t ≤ 1/2 we see that ψ =
This is a contradiction to f, g being distinct minimizers, and hence f = g. In particular, the absolute value of a minimizer is unique.
Letα be the unique non-negative minimizer. The corresponding ∆ in (23) In particular, from (23) we conclude that alsoα is strictly positive. Since we already know that all minimizers must have the same absolute value, this implies that any (not necessarily positive) minimizer of F 0 is non-vanishing. But the inequality (42) is strict for non-vanishing functions, unlessα(p) = e iκ |α(p)| for some constant κ ∈ R. This proves the uniqueness of the minimizer.
In the following, we shall choose the arbitrary constant phase factor in the (otherwise)
unique minimizer of F 0 as 1, i.e., we takeα to be positive.
Note that the variational equation for the minimizer of F 0 can be written as
with (23) and (24). That is, α is an eigenfunction of the pseudodifferential operator E(−i∇) + λV (x), with zero eigenvalue.
Under our assumptions on V , we can even conclude that it is the ground state.
Lemma 3. LetV ≤ 0 andV (0) < 0. Let α be the minimizer of the BCS functional (22), with corresponding ∆ defined in (23). Then α is the ground state of the operator
In particular, this implies that E(−i∇) + λV (x) ≥ 0. This property will be an essential ingredient in the proof of Theorem 2.
Proof. SinceV (p) ≤ 0, the ground state of (44) can be chosen to have non-negative Fourier transform. It is therefore not orthogonal to α, sinceα is strictly positive by Lemma 2. Hence α must be a ground state.
Similarly to the proof of Theorem 1 in Section IV, we can employ the Birman-Schwinger principle to conclude from Lemma 3 that φ = V 1/2 α satisfies the eigenvalue equation
Moreover, there are no eigenvalues smaller than −1 of the operator on the left side of (45).
Let
Similarly to (28), we split the operator in (45) as
By proceeding in the same way as in the proof of [11, Lemma 2] , one shows that
is bounded in the Hilbert-Schmidt norm, independently of ∆. Moreover, as in the proof of Theorem 1 (cf. Eqs. (29)-(31)), the fact that the lowest eigenvalue of λV 1/2 E(−i∇)
is −1 is, for small enough λ, equivalent to the fact that the selfadjoint operator on
has −1 as its smallest eigenvalue.
Recall that FV F * equals √ µ V µ defined in (11) . Our assumptions on V imply that the lowest eigenvalue e µ of V µ is strictly negative, and non-degenerate. This implies that lim λ→0 λ m µ (∆) = −1/( √ µ e µ ) and hence, in particular, m µ (∆) ∼ λ −1 as λ → 0. The unique eigenfunction corresponding to the lowest eigenvalue e µ < 0 of V µ is, in fact, a positive function, and because of radial symmetry of V it is actually the constant function
We now give a precise characterization of ∆(p) for small λ.
be radial, withV ≤ 0 andV (0) < 0, and let ∆ be given in (23), with α the unique minimizer of the BCS functional (22). Then
for some positive function f (λ), with η λ L ∞ (R 3 ) bounded independently of λ.
Proof. Because of (45), F|V | 1/2 φ is the eigenfunction of (47) corresponding to the lowest eigenvalue −1. Note that because of radial symmetry, the constant function u(p) = (4πµ)
is an eigenfunction of (47). For small enough λ it has to be an eigenfunction corresponding to the lowest eigenvalue (since it is the unique ground state of the compact operator FV F * ).
We conclude that
for some normalization constant f (λ). Note that ξ λ 2 uniformly bounded for small λ, since
Recall from (23) and (43) and the definition φ = V 1/2 α that
In combination with (49) this implies that
uniformly in λ. This implies the statement of the Lemma.
Note that ΩµV (p − q) dω(q) is a Lipschitz continuous function. In fact,
|V (x)|| sin( √ µ|x|)| dx .
Using this property, together with Lemma 4, we can now estimate m µ (∆) in (46). We first consider ∆ to be a constant, and start with the following observation.
Lemma 5. Let ϑ > 0. As ϑ → 0,
Proof. Proceeding as in the proof of Lemma 1, we have
The first integral becomes (ln 4 − 2 − ln(1 + √ 2))/ √ µ in the limit ϑ → 0. The last integral becomes µ −1/2 ln(1 + √ 2). Finally,
This proves the statement.
Since m µ (∆) → ∞ as λ → 0, if follows from Lemma 4 that lim λ→0 f (λ) = 0. In the following, we shall slightly abuse the notation and denote by ∆( √ µ) the value of ∆(p) on the Fermi sphere Ω µ . Since ∆ is a radial function, this is well defined. Using Lemma 5, we will now argue that 
where u(p) = (4πµ) −1/2 is the normalized constant function on the sphere Ω µ . Moreover,
|φ(p)| 2 dp − m µ (∆)
|φ(p)| 2 − |φ( √ µp/|p|)| 2 + 1 p 2 |φ( √ µp/|p|)| 2 dp .
Using Lemma 4 and the fact that lim λ→0 f (λ) = 0, we conclude that
with W µ defined in (13) . 
